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Abstract
In the Rastall gravity a non-minimal coupling between geometry and matter fields is considered. Then
the usual energy-momentum tensor conservation law is not valid. Here a Lagrangian formalism is proposed
to the Rastall theory of gravity. The Gödel-type universe is studied in this gravitational model. Then it is
studied whether this theory permits causality violation. The field equations do not exclude solutions with a
breakdown of causality for a perfect fluid as matter content. In this case, an expression for the critical radius
(beyond which the causality is violated) is determined. In addition, for a combination between perfect fluid
and scalar field as matter content the theory accommodates causal Gödel-type solution.
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I. INTRODUCTION
The General Relativity (GR) is a classical theory of gravitation. Although GR is successful
tested there are various observational data that it does not explain, such as the current accelerating
phase of the universe expansion, the dark matter problem, among others. In addition there is not a
quantum gravity theory completely consistent. These problems lead to modified theories of gravity
(for a review see [1]). In GR and in most of these modified theories the covariant conservation of the
energy-momentum tensor is a well known ingredient which via the Noether symmetry theorem leads
to the conservation of some physical quantities. However, some modified theories have proposed
that the condition of covariant energy-momentum tensor conservation can be relaxed. From these
ideas, P. Rastall in 1972 constructed a new theory of gravity where the usual conservation law is
questioned [2, 3].
In Rastall theory the usual energy-momentum tensor conservation law is not satisfied. In this
gravitational model a non-minimal coupling of matter fields to geometry is considered where the
divergence of Tµν is proportional to the gradient of the Ricci scalar, i.e., ∇µTµν = ∇νR. However,
the usual conservation law is recovered in the flat space-time. This proposal has as a strong
argument the fact that the usual conservation law on energy-momentum tensor is tested only in
the flat space-time or in a gravitational weak field limit. Several studies have been developed
with this theory. For example, a phenomenological way for distinguishing features of quantum
effects in gravitational systems has been reproduced [4, 5], a classical formulation for the particle
creation in cosmology has been considered [6], many interesting features of the cosmological models
have been investigated [7], some rotating and non-rotating black hole solutions have been studied
[8–11], application of the Newtonian limit to the theory has been analyzed [12], the traversable
asymptotically flat wormhole solutions has been investigated [13], a generalization of the Rastall
theory has been realized to discuss the cosmic accelerated expansion [14], a gravitational collapse of
a homogeneous perfect fluid has been studied [15], among other. Comparisons between the Rastall
theory of gravity and GR have been done. Visser [16] has concluded that these two theories are
equivalents, while Darabi et al. [17] suggested that the two gravitational theories are not equivalent
and added that Rastall theory is more general than GR and it prepared to investigate the challenges
of cosmological observations and may indicate a way to quantum gravity.
Although the Rastall gravity theory has been intensively studied recently there is a serious
criticism related to this model. The criticism corresponds to the fact that this theory of gravitation
is not a Lagrangian based theory (at least in the context of the Riemaniann geometry). However
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there are some attempts to obtain the Rastall field equations from a Lagrangian formalism [18–20].
The violation of the classical conservation law of the energy-momentum tensor is not an exclusivity
of the Rastall gravitational theory, there are other models that also reported this characteristic,
such as f(R,T ) gravity [21], f(R,Lm) gravity [22, 23], among others. Here these two gravitational
models is used to construct a possible Lagrangian formalism to the Rastall gravity. Then the
causality violation issue is studied in the Rastall theory. For this analysis the Gödel-type universe
is considered.
GR and some modified gravity theories allow exact solutions that lead to time travel. These
solutions are well-known to encompass violations of the most intuitive notions of chronological
order and causality. Several space-time models share this property and present the so-called Closed
Time-like Curves (CTCs) that allow causality paradoxes and time travel. The best-known solutions
containing CTCs in GR are Gödel [24], Van-Stockum [25, 26], Kerr black hole [27, 28], cosmic
strings [29–31], among others. In addition, a generalization of the Gödel solution, denominated
by Gödel-type metrics, has been constructed [32]. These metrics permit to eliminate the CTCs
for determined values of their parameters. Several studies have been developed with respect to
the causality aspects of the Gödel-type metrics in modified theories of gravity. The existence of
completely causal solutions within these theories have been found. Such study has been realized
in f(R) gravity [33, 34], f(R,T ) gravity [35, 36], Brans-Dicke gravity [37], Chern-Simons gravity
[38], Horava-Lifshitz gravity [39], among others. Our aim in this paper is treating the Gödel-type
metrics in Rastall theory and discuss the causality issue.
This paper is organized as follows. In section II, some details about the Rastall theory of gravity
are presented. In section III, a Lagrangian formulation for Rastall theory is discussed. The f(R,T )
and f(R,Lm) modified gravity theories are considered. Then the Rastall theory is interpreted as a
particular case of these theories of gravity. In sections IV, a brief introduction to the Gödel-type
universe is given. In section V, the Gödel-type solution in Rastall theory is studied. Causal and
non-causal solutions are analyzed. In section VI, some concluding remarks are discussed. In this
paper, we adopt units where G = c = 1 unless otherwise stated.
II. RASTALL THEORY OF GRAVITY
Here a brief introduction to Rastall gravity theory is presented. In general relativity a conser-
vation law that leads to a divergence-free energy-momentum tensor has been adopted, i.e.,
∇νTµν = 0, (1)
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where ∇ν is the covariant derivative. In contrast to this idea, P. Rastall proposed a different
conservation law which generalizes the general relativity ideas [2, 3]. In this theory the energy-
momentum tensor is not a conserved quantity. The Rastall hypothesis is
∇µTµν =
( κ
16π
)
∇νR, (2)
where κ is a constant and R is the Ricci scalar. However the Bianchi identity is maintained, i.e.,
∇νGµν = 0, (3)
with Gµν ≡ Rµν − 12Rgµν being the Einstein tensor. An important note, the Rastall modification
takes place only in the matter part of the theory and it leaves the geometric part of the field
equations unchanged. This hypothesis is based on the fact that the non-zero divergence of the
energy-momentum tensor has not yet been ruled out experimentally, then it can be questionable at
least in a curved space-time. Then, Rastall field equations write as
Rµν − 1
2
gµνR = 8π
[
Tµν −
(
γ − 1
2
)
gµνT
]
, (4)
where T = gµνTµν is the trace of energy-momentum tensor and γ is a dimensionless constant
connected to κ. These field equations reduce to general relativity field equations in the limit of
γ = 1.
Since the Bianchi identities are still valid, when the divergence of eq. (4) is taken the divergence
of the energy-momentum tensor becomes
∇µTµν =
(
γ − 1
2
)
∇νT. (5)
Thus the relation between κ and γ is
γ =
1− 3κ
1− 2κ. (6)
In order to obtain a divergence-free energy-momentum tensor, a new tensor is defined as
T˜µν = Tµν −
(
γ − 1
2
)
gµνT, (7)
such that the field equations become
Gµν = 8π T˜µν , (8)
with T˜µν being a quantity covariantly conserved.
One criticism of the Rastall gravity theory is that it has not a Lagrangian formulation widely
accepted and complete. In the next section two different approaches are discussed as a possible
Lagrangian formulation to obtain the Rastall gravity.
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III. LAGRANGIAN FORMULATION FOR RASTALL GRAVITY
The field equations of the Rastall gravity theory were obtained in an ad hoc way by Rastall, i.e.,
these equations do not come from a variational principle. In this section a Lagrangian formalism
to this theory is discussed. Two theories of gravitation are presented that lead to Rastall gravity
as a particular case. These modified gravity theories have as an important feature, the energy-
momentum tensor of matter may be not covariantly conserved.
A. F (R, T ) gravity
The action that describes the F (R,T ) gravity model [21] is
S =
1
16π
∫ √−g [F (R,T ) + 16π Lm] d4x, (9)
where f(R,T ) is a function of the Ricci scalar R and of the trace of the energy-momentum tensor
T = gµνTµν and Lm is the matter Lagrangian density.
In order to obtain the field equations, the variational principle is used, i.e., δS = 0. By varying
the action S with respect to the metric tensor components gµν we have
δS =
1
16π
∫
δ{√−g (F (R,T ) + 16πLm)}d4x = 0, (10)
where
δ[
√−gF (R,T )] = δ(√−g)F (R,T ) +√−gδ(F (R,T )) (11)
δ(
√−gLm) = δ(
√−g)Lm +
√−gδ(Lm). (12)
Using that
δ
√−g = −1
2
√−ggµνδgµν , (13)
the eq. (11) becomes
δ[
√−gF (R,T )] = −1
2
√−ggµνF (R,T )δgµν +
√−gδF (R,T ) (14)
where
δF (R,T ) = FRδR + FT δT (15)
with FR = ∂F (R,T )/∂R and FT = ∂F (R,T )/∂T . Using that R = g
µνRµν we get
δF (R,T ) = FR(Rµνδg
µν + gµνδRµν) + FT δT. (16)
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By varying the trace of the energy-momentum tensor with respect to the metric tensor we obtain
δT
δgµν
=
δ(gαβTαβ)
δgµν
=
δgαβ
δgµν
Tαβ + g
αβ δTαβ
δgµν
= Tµν +Θµν , (17)
where
Θµν ≡ gαβ δTαβ
δgµν
. (18)
Considering that the energy-momentum tensor of the matter is defined as [40]
Tµν = − 2√−g
δ (
√−gLm)
δgµν
, (19)
the variation of the action with respect to the metric tensor becomes
δS =
1
16π
∫ [
FRRµν − 1
2
gµνF (R,T ) + (Tµν +Θµν)FT − 8π Tµν +
+ gαβ
δRαβ
δgµν
FR
]
δgµν
√−g d4x. (20)
Using the Ricci tensor definition,
Rµν = R
ρ
µρν = ∂ρΓ
ρ
νµ − ∂νΓρρµ + ΓλρλΓρνµ − ΓρνλΓλρµ , (21)
where Γρνµ is the Christoffel symbols, the variation of this tensor yields
δRµν = ∇ρ(δΓρνµ)−∇ν(δΓρρµ). (22)
Then
δS =
1
16π
∫
d4x
√−g
{
δgµν
[(
FRRµν − gµν
2
F (R,T )
)
+
+ [(Tµν +Θµν)FT − 8πTµν ]
]
+gαβ
[
∇ρ
(
δΓρβα
)
−∇β
(
δΓρρα
)]
FR
}
. (23)
The first and second parts of eq. (23) are known. Then let us calculate the third part separately,
which is defined as
I =
∫ √−g{gαβ [∇ρ (δΓρβα)−∇β (δΓρρα)]FR} d4x. (24)
For simplicity, let us write
I = I1 + I2, (25)
6
where
I1 =
∫ √−g gαβ∇ρ (δΓρβα)FR d4x (26)
I2 = −
∫ √−g gαβ∇β (δΓρρα)FR d4x. (27)
Let us calculate these terms separately. Using that
√−ggαβ∇ρ
(
δΓρβα
)
FR = ∇ρ
(√−ggαβδΓρβαFR)−√−ggαβ∇ρ (FR) δΓρβα , (28)
eq. (26) becomes
I1 =
∫
∇ρ
(√−ggαβδΓρβαFR) d4x−
∫ √−ggαβ∇ρ (FR) δΓρβα d4x. (29)
Using the Gauss theorem, the first term may be written as a surface integral, i.e.,∫
R
∇ρ
(√−ggαβδΓρβαFR) d4x =
∫
∂R
nρV
ρ dσ (30)
where V ρ =
√−ggαβδΓρβαFR and nρ is normal to ∂R. Note that, V ρ is a vector field over a region
R with boundary ∂R. By taking that this surface integral is zero, we get
I1 = −
∫ √−ggαβ∇ρ (FR) δΓρβα d4x. (31)
Similarly, the term I2 becomes
I2 =
∫ √−ggαβ∇β (FR) δΓρρα d4x. (32)
The variation of the Christoffel symbols is given by
δΓλµν =
gλρ
2
(−∇ρδgµν +∇µδgνρ +∇νδgρµ) (33)
and
δΓλλν =
1
2
gλρ∇νδgλρ. (34)
Then eq. (32) becomes
I2 =
∫ √−ggαβ∇β (FR) δΓρρα d4x = 12
∫ √−ggαβ∇β (FR) gλρ∇αδgλρd4x. (35)
Considering that 0 = δ(gλρg
λρ) = δ(gλρ)g
λρ+ gλρδ(g
λρ) and the metric compatibility, i.e., ∇µgµν =
∇ρgµν = 0, we get
I2 = −1
2
∫ √−ggαβgλρ∇βFR∇αδgλρ d4x. (36)
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Using that
gαβgλρ∇βFR∇αδgλρ = ∇α
[
gαβgλρ∇βFRδgλρ
]
− gαβgλρ∇α∇βFRδgλρ (37)
the expression I2 is given as
I2 = −1
2
∫ √−g{∇α [gαβgλρ∇βFRδgλρ]− gαβgλρ∇α∇βFRδgλρ} d4x. (38)
Applying the Gauss theorem in the first term, it is transformed in a surface integral which is taken
as zero. Then
I2 =
1
2
∫ √−ggαβgλρ∇α∇β FR δgλρ d4x. (39)
Now, back to the term I1 and using eq. (33) we get
I1 = −
∫ √−g∇ρ (FR) gαβgρλ∇βδgαλ d4x− 1
2
∫ √−g gαβ gρλ∇λδgβα d4x. (40)
The variational of δ(gαβgρλgαλ) leads to g
αβgρλδgαλ = −δgβρ, then
I1 =
∫ √−g∇ρ (FR)∇β δgρβ d4x− 1
2
∫ √−g gαβ gρλ∇λδgβα d4x. (41)
Using similar steps as for the expression I2, and the Gauss theorem, the eq. (41) becomes
I1 = −
∫ √−g∇β∇ρ (FR) δgρβ d4x+ 1
2
∫ √−ggαβgλρ∇α∇β FR δgλρ d4x. (42)
With eqs. (39) and (42) the third term of eq. (23) is written as
I =
∫ √−g [gαβgµν∇α∇β FR −∇µ∇ν FR ] δgµν d4x
=
∫ √−g [(gµν −∇µ∇ν) FR] δgµν d4x, (43)
where  = ∇µ∇µ is the covariant d’Alembertian operator. Therefore, from eq. (23) the field
equations are obtained as
RµνFR − gµν
2
F (R,T ) + (Tµν +Θµν)FT + (gµν−∇µ∇ν)FR = 8πTµν . (44)
By taking F (R,T ) = F (R) = R the general relativity is recovered.
By contracting eq. (44), a relation between the Ricci scalar and the trace of the energy-
momentum tensor is obtained as
RFR + 3FR − 2F (R,T ) = 8πT − (T + θ)FT , (45)
where T = gµνTµν e θ = g
µνΘµν .
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It is important to note that, the Rastall gravity theory is obtained for the particular case
F (R,T ) = (1− α)R + 8π αβ T, (46)
where α and β are free parameters. Using eq. (46) the field equations become
Rµν − 1
2
gµνR =
8π
1− α
[
(1− αβ)Tµν + αβ
(gµν
2
T −Θµν
)]
. (47)
By taking the divergence of this equation and using Bianchi identity (3) we get
∇µTµν = αβ
2(αβ − 1)∇νT
∗, (48)
where T ∗ ≡ gµν (gµνT − 2Θµν). Choosing the free parameters as
β = 1 and α =
γ − 1
γ − 2 , (49)
the Rastall proposal is explicitly obtained as
∇µTµν = γ − 1
2
∇νT ∗. (50)
Note that, when γ = 1 the general relativity is recovered. Therefore the Rastall theory of gravity
may be constructed as a particular case of the F (R,T ) gravity. An important note, to be rigorous,
eq. (50) is a Rastall-type condition, since ∇µΘµν is not zero. However, the eqs. (50) and (5) exhibit
the same interpretation, i.e., the non-conservation of the energy-momentum tensor.
B. F (R,Lm) gravity
Another proposal to obtain the Rastall gravity is through of the field equations of the F (R,Lm)
gravity. The action for this modified theory of gravity takes the following form
S =
1
16π
∫ √−g [F (R,Lm)] d4x, (51)
where F (R,Lm) is an arbitrary function of the Ricci scalar R, and of the Lagrangian density
corresponding to matter source, Lm.
Let’s assume that the Lagrangian density Lm of the matter depends only on the metric tensor
components, and not on its derivatives. Then the energy-momentum tensor defined as in eq. (19)
is given as
Tµν = gµνLm − 2∂Lm
∂gµν
. (52)
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By varying the action (51) with respect to the metric tensor component we obtain
δS =
1
16π
∫ √−g [FRδR + F(Lm) δLmδgµν δgµν − 12gµνF (R,Lm)δgµν
]
d4x, (53)
where F(Lm) = ∂F (R,Lm)/∂Lm. Using the variations of the Ricci tensor (22) and Christoffel
symbols (33), the variation of the action of the gravitational field becomes
δS =
1
16π
∫ √−g [FRRµνδgµν + FRgµν∇µ∇µδgµν − FR∇µ∇νδgµν+
+F(Lm)
δLm
δgµν
δgµν − 1
2
gµνF (R,Lm)δgµν
]
d4x. (54)
Following similar steps to those developed in the previous subsection, and with the use of the
definition of the energy-momentum tensor, eq. (19), the field equations are
FRRµν + (gµν−∇µ∇ν)FR − 1
2
[
F (R,Lm)− F(Lm)Lm
]
gµν =
1
2
F(Lm)Tµν . (55)
By taking a particular case, such as
F (R,Lm) = αR+ G(Lm) (56)
where α is an arbitrary constant to be determined and G(Lm) is a function of the matter Lagrangian,
the field equations (55) become
Rµν − 1
2
gµνR =
1
2α
{G′Tµν + (G − G′Lm)gµν} (57)
with G′ being the derivative of G(Lm) with respect the matter Lagrangian Lm.
Aplying the divergent ∇µ and using the Bianchi identity, we obtain
1
2α
∇µ {G′Tµν + (G − G′Lm)gµν} = 0. (58)
This result leads to the Rastall gravity if
∇µT (eff)µν =
(
γ − 1
2
)
∇νT (59)
where
T (eff)µν ≡
1
2α
{G′Tµν + (G − G′Lm)gµν} . (60)
It is important to note that, the Rastall-type condition is satisfied by any G(Lm) function.
The results obtained here show that the Rastall theory of gravity emerges as a particular case
from modified gravity theories. Therefore, its field equations have basis on a variational principle.
In the next section, let’s use the Rastall gravity to study the causality issue in the Gödel-type
universe.
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IV. GÖDEL-TYPE UNIVERSE
Here the main characteristics of the Gödel-type metric are presented. In cylindrical coordinates
the Gödel-type metric is given by
ds2 = [dt+H(r)dφ]2 −D(r)dφ2 − dr2 − dz2 (61)
where
H(r) =
4Ω
m2
sinh2
(mr
2
)
(62)
D(r) =
1
m
sinh(mr) (63)
with ω and m being free parameters. The Gödel solution is a particular case in which m2 = 2Ω2.
In order to analyze causal and non-causal regions, the Gödel-type line-element is written as
ds2 = dt2 + 2H(r)dφdt−G(r)dφ2 − dr2 − dz2 (64)
where
G(r) = D2(r)−H2(r) (65)
=
4
m2
sinh
(mr
2
) [
1 +
(
1− 4Ω
2
m2
)
sinh2
(mr
2
)]
. (66)
The existence of CTC’s in Gödel-type universe, i.e. circles defined by t, z, r = const, depend on the
behavior of the function G(r). The case where G(r) < 0 leads to the existence of CTC’s, that is
determined by circles defined by t, z, r = const. The non-causal regions occur for r > rc such that
sinh2
(mrc
2
)
=
(
4Ω2
m2
− 1
)−1
, (67)
where rc is the critical radius. Then the relation between the parameters m and Ω determines causal
and non-causal regions. For 0 < m2 < 4Ω2 CTC’s appear for r > rc. If m
2 = 4Ω2 the critical
radius goes to infinity, and then for m2 ≥ 4Ω2 there are no CTC’s, and hence the breakdown of
causality is avoided.
The line-element may be write as ds2 = gµνdx
µdxν , where the metric tensor and its inverse are
gµν =


1 0 H 0
0 −1 0 0
H 0 −G 0
0 0 0 −1


, gµν =
1
D2


G 0 H 0
0 −D2 0 0
H 0 −1 0
0 0 0 −D2


. (68)
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A further simplification comes about by the following choice of basis such as
ds2 = ηabΥ
aΥb (69)
where Υa = ea µdx
µ. Then
Υ(0) = dt+H(r)dφ Υ(1) = dr (70)
Υ(2) = G(r)dφ Υ(3) = dz (71)
with the tetrads given by
eaµ =


1 0 H 0
0 −1 0 0
0 0 −D 0
0 0 0 −1


and ea µ =


1 0 H 0
0 1 0 0
0 0 D 0
0 0 0 1


, (72)
where ea µ = η
abebµ has been used. Note that, the tetrads can be obtained through the normaliza-
tion, i.e., ea µeaν = gµν and e
µ
a ebµ = ηab.
In the next section, the field equations of Rastall gravity will be analyzed in a local space-time
for different matter contents.
V. GÖDEL-TYPE SOLUTION IN RASTALL GRAVITY
Here our main objective is to solve the Rastall equations (8) in a local space-time. These
equations are given as
Gab = 8πT˜ab, (73)
where T˜ab is defined in eq. (7) and the Einstein tensor is
Gab = Rab − 1
2
ηabR. (74)
The non-vanishing components of the Einstein tensor Gab take the form
G(0)(0) = 3Ω
2 −m2
G(1)(1) = G(2)(2) = Ω
2
G(3)(3) = m
2 − Ω2. (75)
An important ingredient to study the causality problem is the matter source. Then let’s solve
the field equations for two different matter sources: (i) perfect fluid and (ii) perfect fluid plus scalar
field.
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A. Non-causal solution
Here a perfect fluid of density ǫ and pressure p is considered. Its energy-momentum tensor is
defined as
Tab = (ǫ+ p)uaub + (Λ
′ − p)ηab, (76)
where Λ′ = Λ/8π with Λ as the cosmological constant and ua is the four-velocity of the fluid. In
addition, it is known that uµ = e µ(0) . Then
ua = ea µu
µ = ea µe
µ
(0) = e
a
0. (77)
Therefore the four-velocity in a local and non-local space-time is
ua = (1, 0, 0, 0) and uµ = (1, 0,H(r), 0) . (78)
Then all components of the energy-momentum tensor of the perfect fluid is written as
Tab =


ǫ+ Λ′ 0 0 0
0 p− Λ′ 0 0
0 0 p− Λ′ 0
0 0 0 p− Λ′


. (79)
The trace of the energy-momentum tensor is
T ≡ ηabTab = ǫ+ 4Λ′ − 3p. (80)
Using these results, the components of the energy-momentum tensor due to the Rastall gravity,
defined in eq.(7), become
T˜(0)(0) =
(
ǫ+ Λ′
)− (γ − 1
2
) [
ǫ+ 4Λ′ − 3p]
T˜(1)(1) = T˜(2)(2) = T˜(3)(3) =
(
p− Λ′)+ (γ − 1
2
)[
ǫ+ 4Λ′ − 3p] . (81)
For this matter source, the field equations (73) are
3Ω2 −m2 = (ǫ+ Λ′)− (γ − 1
2
)[
ǫ+ 4Λ′ − 3p] (82)
Ω2 =
(
p− Λ′)+ (γ − 1
2
)[
ǫ+ 4Λ′ − 3p] (83)
m2 − Ω2 = (p− Λ′)+ (γ − 1
2
)[
ǫ+ 4Λ′ − 3p] . (84)
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Equations (83) and (84) give
m2 = 2Ω2. (85)
This relation defines the Gödel metric. The remaining field equations reduce to
ǫ =
p[4− 3γ]− 2Λ′[3− 2γ]
[2− γ] (86)
m2 =
2p[3− 2γ]− 2Λ′[3− 2γ]
[2− γ] . (87)
Then in the framework of Rastall gravity the critical radius rc is given by
rc =
2
m
sinh−1(1) = 2 sinh−1(1)
√
2− γ
(3− 2γ)(2p − 2Λ′) . (88)
Therefore, this result shows that beyond the critical radius exist non-causal Gödel circles, which
depends on the Rastall parameter and the matter content.
B. Causal solution
In the last subsection has been seen that the Gödel solution in Rastall gravity with a perfect
fluid as matter source leads to breakdown of causality. Now let’s investigate whether causal solution
emerges from other matter sources. Here a combination of a perfect fluid with a scalar field is
considered as matter source. Its energy-momentum tensor is given by
T ∗µν = Tµν + T
Φ
µν , (89)
where Tµν corresponds to a perfect fluid and T
Φ
µν describes a scalar field defined by
TΦµν = ∇µΦ∇νΦ−
1
2
gµνg
ρσ∇ρΦ∇σΦ. (90)
Using the local basis Υa = ea µdx
µ, the energy-momentum tensor associated to scalar field becomes
TΦab = ∇aΦ∇bΦ−
1
2
ηabη
cd∇cΦ∇dΦ. (91)
By taking that the scalar field has the form Φ(z) = Az + cte, with A being a constant, the
non-zero components of energy-momentum tensor are
TΦ(0)(0) = T
Φ
(3)(3) =
A2
2
(92)
TΦ(1)(1) = T
Φ
(2)(2) = −
A2
2
. (93)
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Then the non-vanishing components of the total energy-momentum tensor, eq. (89), are
T ∗(0)(0) =
(
ǫ+ Λ′
)
+
A2
2
T ∗(1)(1) = T
∗
(2)(2) =
(
p− Λ′)− A2
2
T ∗(3)(3) =
(
p− Λ′)+ A2
2
, (94)
and the trace of T ∗ab is
T ∗ = ǫ+ 4Λ′ − 3p+A2. (95)
In order to obtain the field equations, the non-null components of the tilde energy-momentum
tensor, defined in eq. (7), are written as
T˜(0)(0) =
(
ǫ+ Λ′ +
A2
2
)
−
(
γ − 1
2
) [
ǫ+ 4Λ′ − 3p +A2]
T˜(1)(1) =
(
p− Λ′ − A
2
2
)
+
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p +A2]
T˜(2)(2) =
(
p− Λ′ − A
2
2
)
+
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p +A2]
T˜(3)(3) =
(
p− Λ′ + A
2
2
)
+
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p +A2] . (96)
Then the field equations for the combined matter source take the form
3Ω2 −m2 =
(
ǫ+Λ′ +
A2
2
)
−
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p+A2] (97)
Ω2 =
(
p− Λ′ − A
2
2
)
+
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p+A2] (98)
m2 − Ω2 =
(
p− Λ′ + A
2
2
)
+
(
γ − 1
2
)[
ǫ+ 4Λ′ − 3p+A2] . (99)
These equations have as solution
m2 − 2Ω2 = A2 (100)
ρ =
1
2
(
2Ω2 −A2) , (101)
p =
A2(γ − 5) + 4Λ′(2γ − 3) + 2Ω2(γ − 1)
6(γ − 1) . (102)
By considering that these equations satisfy the condition A2 > 0, a causal Gödel-type class of
solutions emerge when
m2 = 4Ω2. (103)
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This condition applied to eq. (67) leads to rc → ∞. Hence, there is no violation of causality of
Gödel-type in Rastall gravity for this combination of matter source. It is important to note that, if
only a simple scalar field Φ(z) is considered as matter source the causal Gödel-type solution persists
in this gravitational theory.
VI. CONCLUSION
The Rastall theory of gravity is a gravitational model that does not exhibit the usual conservation
law of the energy-momentum tensor. In this theory a non-minimal coupling of matter fields to
geometry is considered where the divergence of the energy-momentum tensor is proportional to the
gradient of the Ricci scalar such that the usual conservation law is recovered in the flat space-time.
Although numerous studies have been developed in this theory, it is highly criticized due to the
lack of a Lagrangian formalism. Here the modified gravity theories f(R,T ) and f(R,Lm) have
been used to construct a possible Lagrangian formalism to the Rastall theory. Then the Gödel-
type universe is studied in this gravitational model and the question of the causality violation is
examined. By considering the perfect fluid as matter source is shown that the Gödel solution is
recovered. Thus the Rastall theory allows causality violation. An expression for the critical radius
(beyond which the causality is violated) is determined, which depends on parameters of the gravity
theory and the matter content. Also has been examined whether other matter sources could lead
to the causal solution. Then a combination of perfect fluid with a scalar field as a matter content
has been considered and thus a causal solution is found such that the causality violation is not
allowed. Therefore the Rastall gravity permits both causal and non-causal Gödel-type solution. An
important note, the analysis developed here is completely different of the analysis realized in [45],
since the Gödel-type metrics, the results and discussions are different. Here the parameters of the
metric allow a more complete discussion about causal and non-causal solutions.
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